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Introduction 
 
 The objective of this study was to investigate the interaction between LCF (highly 
damaging) and HCF (low damage) cycles for a multiaxial stress state.  This issue is of great 
importance in the development of reliable fatigue damage assessment methodologies, as aircraft 
mission spectra typically contain a large number of HCF cycles coupled with a much smaller 
number of LCF cycles.  Past research in the areas of cycle interactions and damage accumulation 
have offered contrasting results.  Some studies [1-2] have indicated that small cycles (at or near 
threshold levels) have little effect on the total fatigue life and can be neglected, allowing for use 
of a linear damage accumulation (Palmgren-Miner) rule.  Other studies [3-9], however, have 
demonstrated that linear damage summation methods may be highly non-conservative, indicating 
a strong interaction effect exists between LCF and HCF cycles, and the sequence of loading may 
be an important factor.  The majority of these studies were conducted under uniaxial loading 
conditions, and thus may have limited applicability to multiaxial loadings where non-
proportional load paths may alter the interaction.  The consideration of cycle interactions within 
a multiaxial stress state gives rise to some additional challenges, such as cycle definition for non-
proportional loadings and the load-path dependence on the interaction effect. 
 Previous research by the authors [8-9] had demonstrated that a strong HCF/LCF 
interaction effect existed in Ti-6Al-4V under multiaxial loadings.  However, the interaction 
effect was dependent on load path.  In the previous study, two simulated multiaxial mission 
histories were tested on round bars of Ti-6Al-4V under tension/torsion loading.  The histories 
were constructed by combining a single LCF cycle with several (5 – 50) HCF cycles, as shown 
in Figure 1.  These load paths were selected as they are representative of actual service events 
observed in aircraft engine materials.  Load levels were chosen to produce LCF lives in the range 
of 104 – 105 cycles and HCF lives in the range of 108 – 109 cycles.  The ratios of HCF to LCF 
lives (NHCF/NLCF) used in this study are representative of service conditions, although actual load 
levels may differ.  The results of this test program produced some interesting findings.  
Independently, the LCF cycles in the two histories had roughly equivalent fatigue lives (based on 
experimental results), and predicted fatigue lives for the HCF cycles were similarly equivalent.  
However, when combined, the “Box-1” mission demonstrated a strong, nonlinear interaction 
effect between the LCF and HCF cycles, whereas the “Check-1” mission exhibited no 
discernable interaction effect. 
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Figure 1. Mission histories used in a previous study, showing LCF and HCF cycles for the 

“Box-1” path (left) and the “Check-1” path (right). 
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 It was initially theorized that the observed difference in the interaction effect was due to 
the specific stress values occurring on the “critical plane” for each load path.  That is, mission 
histories in which the LCF and HCF critical planes (planes on which fatigue damage is 
maximized according to some predefined criterion) coincide would be expected to show a 
greater interaction effect than histories in which the critical planes did not coincide.  The authors 
were somewhat successful in modeling the observed behavior in this limited study [8-9] by 
utilizing the Findley “critical-plane” multiaxial fatigue parameter [10] in conjunction with a 
nonlinear cumulative damage model put forth by Manson and Halford [4-5].  The Findley 
Parameter (FP), shown in Eq. (1), assumes that the cyclic shear stress on a plane is the primary 
cause of fatigue crack initiation, but that the maximum normal stress on the plane plays a 
secondary influence by opening the crack (if tensile), thereby reducing friction and increasing the 
damage caused by the shear stress. 
 
 )(max fa NfkFP =+= στ  (1) 
 
It was also noted that such a distinction in the interaction effect between load paths could not be 
accounted for using a traditional equivalent (invariant) stress type of parameter. 
 By calculating the Findley parameter on each plane, it was found that the LCF and HCF 
critical planes (defined by the maximum value of the Findley parameter) were in very close 
proximity for the Box-1 path, but not for the Check-1 path.  Furthermore, by using the Damage 
Curve Approach (DCA) developed by Manson and Halford [4-5], the fatigue lives of the Box-1 
mission could be predicted.  The DCA is a nonlinear cumulative damage model capable of 
accounting for load sequence and interaction effects.  Using this model, the fatigue damage 
corresponding to n cycles applied at a loading with a fatigue life of Nf is calculated as 
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where α is a material parameter that accounts for the degree of nonlinearity, and Nref represents 
the life at which damage accumulates linearly.  For simplicity, Manson and Halford [4-5] 
generally assumed Nref = 1, arguing that, for calculation purposes, damage could be assumed to 
accumulate linearly within a single cycle of loading. 
 Based on the results of the initial study, additional mission histories were constructed that 
would either verify or refute the critical plane hypothesis.  These histories were constructed with 
the primary consideration of varying the location of the HCF critical plane relative to the LCF 
critical plane, using the Findley parameter (and other similar models) to define the fatigue 
damage.  The testing and analysis of these new mission histories forms the basis of the present 
study.  The details of the experimental testing, results, analysis and conclusions are explained in 
the following sections. 
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Experimental Results 
 
 Fourteen biaxial specimens of Ti-6Al-4V were supplied by AFRL to the University of 
Illinois for the experimental phase of this study.  The specimens had a solid cross-section of 12.5 
mm diameter, and were machined and finished following the same procedures used in the earlier 
HCF program.  All specimens were tested on a biaxial (tension/torsion) load frame in strain 
control.  Since the specimens were solid rather than hollow, the stress and strain values 
referenced in this report represent maximum (surface) values.  In certain tests, the specimens 
experienced small-scale yielding on the surface during the first reversal.  In these cases, surface 
stresses were determined from the measured strain values using an elastic-plastic finite element 
analysis performed in Ansys.  This analysis utilized a multilinear kinematic hardening rule in 
conjunction with the cyclic stress-strain equation (Ramberg-Osgood) for Ti-6Al-4V: 
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In the FEA analysis, the following cyclic material properties were used:  E = 16.98 Msi, G = 
6.29 Msi, ν = 0.349, K’ = 124 ksi, n’ = 0.0149, and the cyclic yield strength σy’ = 109.22 ksi. 
 Of the fourteen specimens received from AFRL, one was tested as a repeat baseline 
multiaxial test to verify the similarity of materials between these specimens and those tested in 
the HCF program.  One other specimen experienced control problems during the test, and is 
therefore considered an invalid test.  Thus, twelve additional valid mission history tests were 
conducted, as described below. 
 The new mission histories constructed for this study are shown in Figure 2.  In all cases, 
the LCF cycles corresponded to load paths tested in the previous study, so the experimental LCF 
lives were known.  The LCF lives for these load paths are all in the same order of magnitude, 
ranging from approximately 43,000 to 74,000 cycles.  The HCF cycles, in shape and stress level, 
were generally defined to result in fatigue lives of 108 – 109 cycles (based on model predictions), 
but to generate differing conditions of critical plane orientation between the LCF and HCF 
cycles.  Based on the results of the initial study, the Findley parameter was used to make fatigue 
life predictions for the HCF cycles and to identify the critical plane orientation for both the LCF 
and HCF cycles.  The baseline sets of uniaxial and biaxial Ti-6Al-4V data used for calibration of 
the Findley model are shown in Figure 3. 
 The experimental results from the current test program are shown in Table 1, along with 
the mission-history results from the initial HCF program.  Most mission histories consisted of 1 
LCF and 50 HCF cycles, although the Box-1B path contained 1 LCF and 5 HCF cycles.  The 
difference between the Tor-Ax 1 and 2 paths was only in the size of the subcycle.  The HCF lives 
shown in Table 1 were calculated using the Findley parameter.  Note that the majority of these 
lives represent extrapolations beyond the current data set shown in Fig. 3.  In addition, since the 
curve is very flat in this region, small changes in stress levels cause large variations in predicted 
lives.  Thus, although the predicted HCF lives in Table 1 vary, they all had similar values of the 
Findley parameter (with the exception of the Tor-Ax 2 and Tor-Pro histories). 
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 (c) Proportional Path (d) Tor-Ax Path (e) Tor-Pro Path 
 
Figure 2. Mission histories tested in the current study, showing LCF and HCF cycles. 
 
 
 As is evident from Table 1, there is a significant HCF/LCF interaction effect present in 
these multiaxial mission histories; however, the degree of interaction is heavily path dependent.  
For all histories except Tor-Pro, a simple cumulative damage analysis based on the Palmgren-
Miner rule with NLCF ≈ 50,000 and NHCF ≈ 108 predicts very little effect from the HCF cycles; 
i.e., these mission histories would be expected to be dominated by the LCF cycles.  A linear 
damage analysis of the Tor-Pro history results in a predicted mission life of 27,000 cycles 
(roughly 3× reduction in LCF life).  However, in some of these cases, the presence of the HCF 
cycles caused mission lives to be reduced by over an order of magnitude relative to the LCF 
lives.  In other histories, there was little or no discernable effect.  The actual half-life stress and 
strain values from the mission history tests are included in Appendix A. 
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Figure 3. Correlation of Ti-6Al-4V uniaxial data (top) and biaxial data (bottom) using the 

Findley parameter, from the initial HCF program. 
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Table 1 
Mission History (LCF/HCF) Experimental Results 

 
 

History 
Specimen 

ID’s 
LCF/HCF 

cycles 
Average 
LCF Life 

Predicted 
HCF Life 

Avg. Mission 
Life 

 
NLCF/NMission

Box-1A 142-7* 
178-6* 1 / 50 68,721 2.2 × 108 20,446 3.4 

Box-1B 142-1* 
178-9* 1 / 5 68,721 2.2 × 108 44,133 1.6 

Box-2 
03-609 
03-611 
03-610 

1 / 50 68,721 6.3 × 108 10,927 6.3 

Check-1 178-4* 
142-3* 1 / 50 43,744 2.9 × 108 47,160 0.9 

Check-2 03-613 
03-612 1 / 50 43,744 2.6 × 108 7,250 6.0 

Proportional 04-B00 
04-A97 1 / 50 74,217 2.6 × 108 54,728 1.4 

Tor-Ax 1 04-195 
04-A99 1 / 50 72,926 9.8 × 107 3,688 19.8 

Tor-Ax 2 04-A96 1 / 50 72,926 > 1 × 1010 6,470 11.3 

Tor-Pro 04-A93 
04-A95 1 /50 72,926 2.2 × 106 2,944 24.8 

*  Samples tested in initial HCF program. 
 
 
Preliminary Critical Plane Analysis 
 
 It was initially postulated that the differences in the observed HCF/LCF interactions can 
be explained using the critical plane concept.  That is, interaction effects will be greater when the 
HCF and LCF critical damage planes coincide.  To evaluate this hypothesis, an initial analysis 
was performed using the Findley parameter (Eq. 1) as the basis for calculating fatigue damage on 
each plane for both the LCF and HCF cycles.  As previously mentioned, this assumes that crack 
initiation is driven primarily by cyclic shear stresses; thus, critical planes will typically be those 
which experience a large alternating shear stress.  The Findley parameter was used initially due 
to its reasonable correlation with multiaxial test data for Ti-6Al-4V [8, 9].  The value of k used 
here was 0.379, which was obtained through a least-squares error minimization technique 
applied to the uniaxial Ti-6Al-4V data; i.e., k was calculated by collapsing the uniaxial data at 
different stress (R) ratios. 
 The variation of the Findley parameter with plane orientation for both the LCF and HCF 
cycles is shown for the Box-1 and Check-1 paths (tested in the initial HCF study) in Figures 4 
and 5.  Note that for both missions, the peak value of the Findley parameter (FP) is 
approximately 49 ksi for the LCF cycle and 37 ksi for the HCF cycle.  For the Box-1 path (Fig. 
4), there are four LCF critical plane regions where the FP reaches a peak, indicated by the dashed 
lines.  In this path, a peak in the HCF curve corresponds to one of the LCF critical planes, 
indicating higher HCF damage on an LCF critical plane.  The Check-1 path (Fig. 5) contains 
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only two LCF peaks in the FP.  In this path, the HCF peak does not correspond directly to an 
LCF peak.  Thus, it would be expected that the HCF/LCF interaction effect would be smaller in 
the Check-1 path than the Box-1 path, which agrees with the experimental results. 
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Figure 4. Variation of Findley parameter with plane orientation for the Box-1 path. 
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Figure 5. Variation of Findley parameter with plane orientation for the Check-1 path. 
 
 
 Based on the findings for the Box-1 and Check-1 paths, the Box-2 and Check-2 paths 
were defined to further explore the relationships between LCF and HCF critical planes.  The 
variation of the LCF and HCF Findley parameters with plane orientation for these two paths is 
shown in Figures 6 and 7.  As with the previous paths, the peak value of the Findley parameter 
(FP) for the Box-2 and Check-2 paths is approximately 49 ksi for the LCF cycle and 37 ksi for 
the HCF cycle.  For the Box-2 path (Fig. 6), the HCF peak occurs between two LCF peaks.  In 
the Check-2 path (Fig. 7), the LCF and HCF peaks nearly coincide.  Thus, it was expected that 
the Box-2 path would show negligible HCF/LCF interactions and the Check-2 path would show 
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a high degree of interaction.  While the experimental results for the Check-2 path matched 
expectations, the results for the Box-2 path demonstrated the opposite trend, as shown in Table 1. 
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Figure 6. Variation of Findley parameter with plane orientation for the Box-2 path. 
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Figure 7. Variation of Findley parameter with plane orientation for the Check-2 path. 
 
 
 The findings from the preliminary analysis do not fully confirm the original hypothesis 
that interactions will be maximized when LCF and HCF critical planes coincide, based on a 
common definition of a damage parameter.  This was further verified through testing of the 
Proportional mission history, which was constructed to specifically control the relative 
orientations of the LCF and HCF critical planes.  For this mission, the LCF and HCF cycles are 
identical in shape; thus, their critical planes will exactly coincide.  According to the original 
hypothesis, the Proportional mission would therefore be expected to see significant HCF/LCF 
interactions.  However, the experimental results demonstrated just the opposite, with little 
observed life reduction in this mission history.  Consequently, the original hypothesis was 
deemed inadequate to explain the observed results. 
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Refined Critical Plane Analysis 
 
 The experimental findings suggest that different damage mechanisms may be responsible 
for the varying levels of HCF/LCF interactions in the multiaxial load paths.  Based on the results 
of the preliminary analysis, another multiaxial mission history (Tor-Ax) was designed to 
emphasize differing damage mechanisms between the LCF and HCF cycles.  In this load path, 
the LCF cycle is fully reversed torsion (with a small mean tensile stress) while the HCF cycle is 
cyclic tension (with no shear).  Thus, the 0° plane experiences the largest alternating shear stress 
from the LCF cycles and also the largest alternating tensile stress from the HCF cycles.  The 
experimental results indicate a high degree of LCF/HCF interactions occurred in this history; i.e., 
there was a significant reduction in mission life due to the presence of the HCF cycles.  These 
results suggest that a coupling of shear-dominated damage from the LCF cycles and tensile-
dominated damage from the HCF cycles may result in maximum interactions. 

Physically, this observation can be explained by the hypothesis that the LCF cycles first 
initiate microcracks through shear-driven mechanisms (mode II growth), and the HCF cycles 
then contribute to an increased rate of crack propagation due to cyclic tensile stresses (mode I 
growth) on planes at or near the LCF critical plane orientations.  For load paths in which the 
HCF maximum tensile planes coincide with the LCF maximum shear planes, the LCF-initiated 
shear cracks would not need to change direction to be propagated in tension by the HCF cycles.  
Thus, there would be lesser resistance to the evolution of the mode II (shear) cracks into mode I 
(tensile) cracks. 

This hypothesis is also consistent with a number of other experimental studies of load-
sequence effects [3-5] under uniaxial loading, in which it has been found that high-low load 
sequences (LCF-HCF sequences) emphasize non-linear (accelerated) damage accumulation 
much more than low-high load sequences (HCF-LCF sequences).  Thus, LCF cycles must first 
initiate the cracks before the HCF cycles can contribute to the damage by accelerated crack 
growth.  In the case of repeating histories, as in this test program, the LCF-HCF sequence may 
dominate the HCF-LCF sequence. 

It should also be noted that, given the ratio of the number of LCF cycles to HCF cycles 
within a mission (1/50), the histories tested in this study are all dominated by LCF damage.  
Thus, a reduction in LCF life due to HCF accelerated crack growth, rather than an increase in 
HCF life associated with periodic LCF overload effects (due to crack tip blunting, residual 
stresses, and crack closure) is plausible.  This would also be in agreement with other studies that 
have shown that cyclic stresses below the endurance limit or threshold stress intensity cause a 
reduction in life in variable load histories [7]. 
 To further examine the new hypothesis, another critical plane analysis was performed to 
identify the LCF and HCF damage as a function of plane orientation for each of the mission 
histories, but using alternate definitions for the LCF and HCF damage parameters.  A new 
damage parameter, developed by the authors [11], has been shown to provide an improved 
correlation of the uniaxial and multiaxial test data for Ti-6Al-4V.  Similar to the Findley 
parameter, the new damage parameter assumes that cracks nucleate through shear-driven 
mechanisms, with normal stresses contributing in a secondary role by influencing crack-face 
interaction during shear growth.  A second term accounts for additional damage caused by cyclic 
normal stresses on the critical plane within the dominant shear cycle.  This new parameter is 
expressed as 
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 In Eq. (4), τmax and τmin are the shear reversal points on the critical plane, and στmax and 
στmin are the corresponding normal stresses on this plane at the instant of shear reversal.  These 
stresses are divided by the yield strength, σy, to maintain consistency of units.  In the second 
term, σmax and σmin are the maximum and minimum normal stresses on the critical plane over the 
entire cycle.  The σ+ notation indicates that only positive (tensile) values are used in the 
equation.  If σmin or σmax is negative, that value is set to zero in Eq. (4). 

The first term in Eq. (4) accounts for a mean shear stress effect, with the multiplier acting 
to modify this value to account for crack face interaction due to the normal stresses at the shear 
reversals.  The definition of the k1 term allows for a different influence of tensile and 
compressive stresses.  The last term accounts for the additional damage caused by cyclic tensile 
stresses on the critical plane.  If multiple normal stress cycles exist within the shear cycle, their 
contribution is included through the summation in this term.  The values of k1, w1, k2 and w2 are 
fit by collapsing uniaxial and multiaxial fatigue data.  In this analysis, w2 was taken to be 0.5 and 
k1, w1, and k2 were determined by fitting the combined data for Ti-6Al-4V on the plane of 
maximum alternating shear stress, resulting in the following values: 
 
  (5) 5.0    ,158.0    ,679.0    ,065.0    ,749.0 22111 ===== −+ wkwkk
 

The resulting fits of the uniaxial and biaxial Ti-6Al-4V fatigue data are shown in Figures 
8 and 9.  The plane of maximum alternating shear stress (max shear plane) was defined as the 
critical plane in this analysis in order to simplify the optimization of the parameters shown in Eq. 
(5).  When the critical plane is defined as the plane of maximum damage (i.e., the plane with the 
highest value of DP from Eq. (4)), the orientation of the plane itself may change as the values of 
the k and w terms are varied.  From a practical standpoint, the max shear plane is also easier to 
locate under general loading conditions than the max damage plane, simplifying the 
implementation of the damage parameter in a general design algorithm.  Comparing Figures 8 
and 9 to Figure 3, it is evident that the use of the damage parameter shown in Eq. (4) on the max 
shear plane results in a very good overall correlation of both the uniaxial and multiaxial fatigue 
data.  It should also be noted that, in most cases, the max damage plane is very near the max 
shear plane (generally within 10°).  Consequently, this new damage parameter was used to model 
the LCF cycles in the updated critical plane analysis of the mission histories, as described below. 
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Figure 8. Correlation of Ti-6Al-4V uniaxial data using Eq. (4). 
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Figure 9. Correlation of Ti-6Al-4V biaxial data using Eq. (4). 
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 Based on the hypothesis that the HCF cycles contribute to an increased rate of mode I 
crack propagation, the HCF damage in the refined analysis was computed in terms of a “Walker” 
stress parameter [12], defined as 
 

 
w

DP ⎟
⎟
⎠

⎞
⎜
⎜
⎝

⎛
−=

+

+
+

max

min
max 1

σ
σ

σ  (6) 

 
where the σ+ notation indicates that only tensile values of normal stress are used, and w was 
taken as 0.5.  The critical plane for this parameter was defined as the plane of maximum 
alternating tensile (principal) stress, consistent with mode I crack growth.  This parameter was 
adopted to represent the HCF damage since the Walker relationship (in terms of stress intensity 
factors) is often used in crack growth studies to account for mean stress effects.  Thus, it would 
be expected that the crack growth rate would roughly scale with the value of this parameter.  
Here, the variation in the HCF DP with plane orientation is simply used to compare, on a relative 
basis, the potential for crack growth due to the HCF cycles on a particular plane.  Note that there 
is no direct correlation between the magnitudes of the LCF and HCF damage parameters used in 
this analysis. 
 Plots of the LCF DP (from Eq. (4)) and the HCF DP (from Eq. (6)) vs. plane orientation 
for the Box-1, Check-1, Box-2, Check-2, and Proportional missions are shown in Figures 10 – 
14.  In these figures, the LCF critical planes based on the max shear stress range (Δτ) are 
indicated by dashed purple lines, and the LCF critical planes based on the maximum damage are 
indicated by dashed green lines.  Note that the maximum damage planes are typically within 10° 
of the maximum shear planes.  The maximum value of the HCF DP in each mission history is 
also indicated on the figures. 
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Figure 10. Variation of the LCF and HCF damage parameters with plane orientation for the Box-

1 path.  The purple line indicates the critical LCF max shear plane, and the green line 
indicates the critical LCF max damage plane. 
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Figure 11. Variation of the LCF and HCF damage parameters with plane orientation for the 

Check-1 path.  The purple line indicates the critical LCF max shear plane, and the 
green line indicates the critical LCF max damage plane. 
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Figure 12. Variation of the LCF and HCF damage parameters with plane orientation for the Box-

2 path.  The purple line indicates the critical LCF max shear plane, and the green line 
indicates the critical LCF max damage plane. 
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Figure 13. Variation of the LCF and HCF damage parameters with plane orientation for the 

Check-2 path.  The purple line indicates the critical LCF max shear plane, and the 
green line indicates the critical LCF max damage plane. 
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Figure 14. Variation of the LCF and HCF damage parameters with plane orientation for the 

Proportional path.  The purple line indicates the critical LCF max shear plane, and the 
green line indicates the critical LCF max damage plane. 

 
 

A comparison of the results shown in Figures 10 – 13 with those from Figures 4 – 7 
appears to support, qualitatively, the hypothesis that the LCF/HCF interaction effect is caused by 
HCF crack growth of LCF initiated damage.  Note, however, that this interaction mechanism 
does not necessarily require the LCF and HCF critical planes to coincide.  As previously 
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discussed, it would be anticipated that the interaction effect would be maximized if the planes do 
coincide since no crack turning would be required.  However, it is also recognized that cracks 
may initiate on one plane and then turn and propagate on another, as is typically the case under 
uniaxial loading conditions.  Thus, the level of interaction (magnitude of LCF life reduction due 
to the HCF cycles) would be primarily dependent on the peak value of the HCF damage 
parameter, with a lesser dependence on the orientation of the HCF critical plane relative to the 
LCF critical plane. 

Examination of the HCF DP values shown in Figures 10 – 14 indicates a reasonably good 
correlation with the magnitude of the mission (LCF) life reduction.  For example, in the Check-1 
path (Fig. 11), the maximum value of the HCF damage parameter is 30 ksi.  No reduction in LCF 
life was observed experimentally in this mission history, indicating the HCF cycle was too small 
to propagate any LCF initiated damage.  In the Box-1 path (Fig. 10), the maximum HCF DP is 
42 ksi, corresponding to a factor of 3 reduction in LCF life (Box-1A).  For the Box-2 and Check-
2 paths (Figs. 12 and 13), the maximum HCF DP values were 57 – 64 ksi, corresponding to a life 
reduction of a factor of 6.  Thus, these results all follow a general trend of increasing life 
reduction with increasing HCF DP.  The only anomaly to the trend was in the Proportional path 
(Fig. 15).  In this case, the maximum HCF DP value was 69 ksi, but the life reduction was only a 
factor of 1.4. 
 The good correlation of the experimental results for the Box, Check, and Proportional 
missions with the new damage hypothesis lead to the development of the Tor-Ax path, as 
previously discussed.  The resulting variation of the LCF and HCF damage parameters with 
plane orientation for the Tor-Ax 1 and 2 missions are shown in Figures 15 and 16, respectively.  
The results for these missions are consistent with the previous missions.  The maximum HCF DP 
in the Tor-Ax 2 path is 58 ksi, corresponding to a factor of 11 reduction in life.  This reduction is 
within a factor of 2 of that found for the Box-2 and Check-2 paths.  For the Tor-Ax 1 path, the 
maximum HCF DP was 72 ksi, corresponding to a life reduction of a factor of 20. 
 To further study the influence of critical plane orientation between the LCF and HCF 
cycles, the Tor-Pro mission history was constructed.  In this mission, the LCF cycle was identical 
to that in the Tor-Ax missions.  The HCF cycle was defined to produce the same value on the 
LCF critical plane as in the Tor-Ax 2 path, but the same maximum value as in the Tor-Ax 1 path 
(although on a different plane), as shown in Figure 17.  Thus, if the life reduction for this mission 
was the same as the Tor-Ax 2 path, this would indicate that the relative orientation of the LCF 
and HCF critical planes was very important.  Conversely, if the life reduction for the mission was 
the same as the Tor-Ax 1 path, this would indicate that a mode II crack could easily turn into a 
mode I crack with little resistance, regardless of plane orientation. 
 As shown in Table 1, the experimental life reduction for the Tor-Pro mission was 
approximately a factor of 25, similar to that for the Tor-Ax 1 mission.  Based on this result, it is 
concluded that it is the overall magnitude of the HCF DP that primarily dictates the level of 
LCF/HCF interaction in this material.  The orientation of the LCF and HCF critical planes 
appears to play a lesser role in defining the magnitude of the interaction effect. 
 

 15



0

20

40

60

80

100

0 30 60 90 120 150 180
Plane Orientation (deg)

D
am

ag
e 

Pa
ra

m
et

er
 (k

si)

LCF Cycle
HCF Cycle

Max HCF DP = 72 ksi

 
 
Figure 15. Variation of the LCF and HCF damage parameters with plane orientation for the Tor-

Ax 1 path.  The purple line indicates the critical LCF max shear plane, and the green 
line indicates the critical LCF max damage plane. 
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Figure 16. Variation of the LCF and HCF damage parameters with plane orientation for the Tor-

Ax 2 path.  The purple line indicates the critical LCF max shear plane, and the green 
line indicates the critical LCF max damage plane. 
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Figure 17. Variation of the LCF and HCF damage parameters with plane orientation for the Tor-

Pro path.  The purple line indicates the critical LCF max shear plane, and the green 
line indicates the critical LCF max damage plane. 

 
 

Overall, the results presented in this study demonstrate a trend of increasing HCF/LCF 
interaction (reduced mission life) with increasing magnitude of HCF tensile damage, regardless 
of plane orientation.  A possible explanation for the smaller interaction effect observed in the 
Proportional path, despite the relatively high magnitude of HCF damage, may be due to the 
presence of an “overload” effect from the LCF cycles during HCF crack propagation.  It is well 
known that high tensile loads (overloads) often cause a subsequent retardation in the crack 
growth rate at lower load levels due to crack tip plasticity (resulting in compressive residual 
stresses), crack closure, crack tip blunting, etc.  In the Proportional path, the peak tensile stress 
from the LCF cycle on the HCF critical plane was 94 ksi, which was considerably larger than the 
peak LCF tensile stress on an HCF critical plane in any of the other mission histories.  Note from 
Figure 2(c) that the HCF cycle was defined as the lower portion of the LCF cycle.  Thus, the 
LCF cycle may have acted as a periodic tensile overload during HCF crack propagation, causing 
a retardation in the crack growth which mitigated the life reduction. 

The explanation for the observed LCF/HCF interaction effect presented here is consistent 
with the findings of other researchers on the subject of load sequence effects, notably that a 
greater life reduction is observed when large cycles are applied first, followed by small cycles.  
This implies that damage (microcracks) must first be initiated by the large (LCF) cycles before 
the smaller (HCF) cycles will have an adverse effect by contributing to the growth of that 
damage.  For the mission histories tested in this program, which consisted of repeated blocks of 1 
LCF cycle and 5 – 50 HCF cycles, it is likely that early in the life the HCF cycles contributed 
very little to the damage accumulation.  However, once enough LCF cycles (missions) had been 
applied to nucleate a small crack, it is probable that the HCF cycles became much more 
important in the propagation of the crack.  At that point, the LCF cycles would have a much 
smaller influence, except in the cases where they created tensile overloads on the HCF growth 
planes as noted above. 
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Experimental Crack Plane Measurements 
 
 In an effort to further assess the validity of the damage parameters used in this analysis, 
as well as the argument that the HCF cycles propagate LCF-induced damage, rough 
measurements were made of the plane orientations at which cracks initiated and propagated in 
the specimens tested in this study.  In the majority of the ½ in diameter specimens, the crack 
growth planes were easily identifiable, and in some cases the crack initiation planes were also 
discernable.  However, in some specimens, crack initiation planes were difficult to determine due 
to obliteration during subsequent loading. 
 Micrographs were taken of each specimen using a digital microscope with 50× 
magnification.  Representative micrographs, taken from the side view to identify the crack plane 
orientations, are shown in Figures 18 – 23.  The specimens tested in the original HCF study 
(Box-1 and Check-1 paths) were not available; thus, no crack plane measurements were obtained 
for these mission histories.  The observed crack initiation and propagation plane orientations, 
measured from these micrographs, are summarized in Table 2, along with the predicted crack 
plane orientations for crack initiation (LCF cycle) and propagation (HCF cycle) taken from 
Figures 10 – 17.  The predicted crack initiation planes shown in Table 2 are based on the 
maximum value of the LCF DP from Eq. (4) rather than the maximum shear plane.  In all cases, 
several measurements were taken from different views, and the results averaged to give the 
values shown in Table 2. 
 

   
 
Figure 18. 
 

Crack initiation and propagation planes in Specimen 03-609: Box-2 path. 

Propagation 
Initiation 

 18



  

Crack initiation and propagation planes in Specimen 03-610: Box-2 path. 

 
 
Figure 19. 
 

 

and 03-613 

   
 
Figure 21. Crack initiation and propagation planes in Specimens 04-B00 (left) and 04-A97 

(right): Proportional path. 

  
 
Figure 20. Crack initiation and propagation planes in Specimens 03-612 (left) 

(right): Check-2 path. 
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Figure 22. ns 04-195 (left) and 04-A99 

(right): Tor-Ax path. 
 

   

Figure 23. Crack propagation planes in Specimens 04-A93 (left) and 04-A95 (right): Tor-Pro 
path.  Crack initiation planes were indiscernible. 

 
 
 Despite the difficulty in measuring the crack initiation planes, the results shown in Table 
2 show relatively good agreement with the plane orientations predicted by Eq. (4).  This provides 
further verification that this damage parameter accurately models the initiation of small cracks in 
Ti-6Al-4V under multiaxial loadings.  It is also apparent that the measured crack propagation 
plane orientations are in very good agreement with the predicted values based on the Walker-
type of parameter shown in Eq. (6), indicating that crack propagation was driven by the cyclic 
tensile stresses from the HCF cycles.  Overall, the results shown in Table 2 appear to validate the 
hypothesis that the LCF cycles initiate cracks through shear mechanisms, and the HCF cycles 
then propagate these cracks to failure through tensile mechanisms. 

Crack initiation and propagation planes in Specime

 

Initiation 
Propagation 

Initiation 

Propagation 

Propagation 
Propagation 
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Table 2 
Plane Orientations for Crack Initiation and Propagat

 
Initiation Propagation 

ion 

History Specim n ID e Measured Predicted Measured Predicted 
03-609 17° 18° 13° 14° Box-2 03-610 32° 18° 13° 14° 
03-612 5° 6° 28° 30°  C 03-613 11° 6° 30° 30° heck-2 

04-B00 52° 58° 25° 22° Proportional 04-A97 52° 58° 22° 22° 
04-195 1° 4° 1° 0° 
04-A99 2° 4° 2° 0° Tor-Ax 
04-A96 5° 4° 5° 0° 
04-A93 -- 4° 21° 24° Tor-Pro 04-A95 -- 4° 24° 24° 

 
 
Conclusions 
 
 This study was conducted to assess the level of LCF/HCF interactions in Ti-6Al-4V 
under multiaxial loading conditions.  Several mission histories were constructed consisting of 1 
LCF cycle coupled with 5 – 50 HCF cycles.  The missions were designed to provide varying load 
paths, and hence stress conditions, between the LCF and HCF cycles.  In most histories, the LCF 
ives were on the order of 104 cycles and the HCF lives were on the order of 108 cycles.  Thus, 

very little d ries. 
 The results of this study indicate that, in certain cases, a very strong, nonlinear interaction 
effect between LCF and HCF cycles occurs in Ti-6Al-4V, but the level of interaction depends on 
the load path.  It was initially hypothesized that the interaction would be strongest when the 
critical LCF and HCF damage planes coincided, which assumed the damage from both the LCF 
and HCF cycles were attributable to common mechanisms.  However, the experimental results 
were inconsistent with the trends predicted by this analysis, indicating the damage mechanisms 
were likely different between the LCF and HCF cycles. 
 A second critical plane analysis, formulated on the hypothesis that LCF cycles initiate 
damage through shear mechanisms and HCF cycles subsequently propagate that damage through 
tensile mechanisms, produced very good qualitative agreement with the experimental results.  
This analysis utilized a new damage parameter for the LCF cycles that was shown to provide 
good correlation with baseline uniaxial and multiaxial fatigue data for Ti-6Al-4V.  This 
parameter assumes cyclic shear stresses are primarily responsible for the initiation of small 
cracks, but normal stresses on the critical plane provide a secondary effect by increasing or 
decreasing crack-face interaction.  The damage from the HCF cycles was modeled using a 
Walker type of parameter defined by the normal stresses on a given plane, which assumes that 
the HCF damage is attributable to cyclic tensile stresses. 
 Through comparison of the experimental results with the damage plots from this analysis, 
it was shown that, in most cases, the magnitude of the LCF (mission) life reduction was roughly 

l
based on a linear cumulative damage analysis, the HCF cycles would be expected to contribute 

amage to the mission histo
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proportional to the peak value of the HCF damage parameter, regardless of the relative 
orientations between the LCF and HCF critical planes.  The one test which did not follow this 
trend likely experienced an “overload” effect from the LCF cycle during HCF crack growth, 
which caused crack growth retardation.  Furthermore, experimental measurement of crack 

orientations corresponded very
orientations from the critical-plan  analysis. 
 These results appear to strongly validate the hypothesis that the HCF cycles propagated 
the LCF induced dama ission histories.  The reduction in mission lives due to the 
LCF/HCF interactions w ases, quite severe, indicating these types of interactions 
must be recognized and a n a comprehensive fatigue life analysi nce of 
HCF cycles, the cracks initiated by the LCF cycles continue to grow on the LCF critical planes 
throughout the majority of the test duration, resulting in longer lives (in terms of LCF cycles) 
due to the lower-energy crack propagation mechanisms.  However, in the presence of the 
smaller-amplitude but more numerous HCF cycles, the LCF initiated cracks may then be 
propagated more quickly by the cyclic HCF tensile stresses.  This phenomenon was best 
illustrated by the testing of the Tor-Ax mission histories, in which the HCF cycles propagated the 
LCF initiated cracks on the same plane, resulting in very severe life reductions. 
 For these multiaxial mission tests, the use of the Palmgren-Miner linear damage rule is 
highly nonconservative and unable to predict the level of damage interaction.  Furthermore, the 
non-proportional multiaxiality of the load paths appears to have exacerbated the damage 
interactions, as similar studies based on uniaxial loading conditions have not demonstrated such 
a high level of interaction.  This indicates that the variation in load path between the LCF and 
HCF cycles may act as an additional catalyst to drive the damage mechanisms from shear to 
tensile at an earlier stage in crack development.  As shown here, a multiaxial critical-plane 
analysis that accounts for different damage mechanisms is capable of qualitatively predicting the 

nteraction ts. 
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APPENDIX A 

empe
Half-Lif in D

Cyclic stress rties used in F
E (Msi)* i)*

 
Mission History (LCF/HCF) Data and Results
Ti-6Al-4V, Room T

e Stress-Stra
rature
ata

-strain prope EA
G (Ms σν y (ksi)

16.98 0.3 109.22 0.
 E =  G = 6.25 Msi specified elsewhere

Spe ε (%)

K' (ksi)
124

n'
01496.29 49

*Note: 16.87 Msi and

c ID Time point γ (%) σ (ksi) τ (ksi) σ (ksi) τ (ksi) Mission life life (avg)

142-7 1 0.3004 5 46. 27.39 .01 26 19,470
Box-1 -0.3071 8 -53. 27.36 2.15 26

-0.3055 5 -52. -26 -26
0.3052 1 47.5 -25.61 .82 -26

5 0.3004 5 .01 26
0.3 45.9 -5.78 0.94 -
0.3 46.6 26.56 .94 2

0.3004 5 .01 2

178-6 1 0.2999 0.4142 49.37 27.55 50.92 26.07 21,422 68,721
Box-1 2 -0.307 0.4136 -50.61 28.85 -52.13 26.03

-0.306 -0.4167 -50.48 -25.85 -51.96 -26.23
0.3051 -0.4163 50.25 -25.62 51.81 -26.20
0.2999 0.4142 50.92 26.07

6 0.301 -0.107 48.88 -5.49 51.11 -6.73

51.11 25.58

52.64 26.23 9,815 68,721
Box-2

Stres

LCF 

0.413
0.414

29
69

51
-5

.02

.11
68,721

2
3
4

-0.417 97 -51.87 .28
-0.417
0.413

2 51
51

.25
.02

6
7
8

-0.11
0.399

6
2

5
50

6.92
5.11

0.413 51 6.02

ses

3
4
5

7 0.298 0.396 48.64 26.5 50.60 24.92
8 0.2999 0.4142 50.92 26.07

142-1 1 0.301 0.4064 45.88 27.07 51.11 25.58 48,787 68,721
Box-1 2 -0.308 0.415 -53.99 27.15 -52.30 26.12

3 -0.3058 -0.4156 -52.99 -26.25 -51.92 -26.16
4 0.3061 -0.4183 47.39 -25.68 51.98 -26.33
5 0.301 0.4064 51.11 25.58
6 0.302 -0.107 46.54 -5.82 51.11 -6.73
7 0.301 0.399 45.86 26.39 51.28 25.11
8 0.301 0.4064

178-9 1 0.301 0.414 46.47 27.04 51.11 26.06 39,480 68,721
Box-1 2 -0.308 0.414 -54.43 26.79 -52.30 26.06

3 -0.305 -0.417 -53.59 -26.68 -51.79 -26.24
4 0.306 -0.416 47.75 -26.17 51.96 -26.18
5 0.301 0.414 51.11 26.06
6 0.302 -0.106 46.96 -6.14 50.94 -6.67
7 0.3 0.4 46.29 26.17 51.28 25.17
8 0.301 0.414 51.11 26.06

03-609 1 0.31 0.417 48.35 28.10
2 -0.309 0.411 -52.86 27.97 -52.47 25.85
3 -0.301 -0.429 -51.84 -26.26 -51.11 -26.98
4 0.311 -0.412 49.51 -25.01 52.81 -25.91
5 0.31 0.417 52.64 26.23
6 -0.0707 0.41 -12.90 27.90 -12.00 25.79
7 0.2953 0.41 47.37 27.90 50.14 25.79
8 0.31 0.417 52.64 26.23

03-611 1 0.304 0.419 46.68 27.34 51.62 26.36 10,248 68,721
Box-2 2 -0.308 0.412 -54.19 26.78 -52.30 25.91

3 -0.301 -0.426 -52.24 -26.76 -51.11 -26.80
4 0.308 -0.412 48.07 -25.56 52.30 -25.91
5 0.304 0.419 51.62 26.36
6 -0.0806 0.41 -16.36 26.82 -13.69 25.79
7 0.306 0.41 46.94 26.82 51.96 25.79
8 0.304 0.419 51.62 26.36

Pseudo-elastic (measured) lastic-plastic (FE EA)
Strains

(controlled)
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03-610 1 0.301 0.41 46.28 28.10 51.11 25.79 12,719 68,721
Box-2 2 -0.309 0.41 -55.30 27.58 -52.47 25.79

3 -0.301 -0.403 -52.66 -26.63 -51.11 -25.35
4 0.31 -0.412 52.57 -25.18 52.64 -25.91
5 0.301 0.41 51.11 25.79
6 -0.066 0.41 -14.53 27.87 -11.21 25.79
7 0.291 0.41 44.57 27.87 49.41 25.79
8 0.301 0.41 51.11 25.79

178-4 1 0.0095 0.0084 -1.01 -7.28 -3.16 -12.07 44,544 43,744
Check-1 2 0.2977 0.8244 44.66 44.50 45.78 38.79

3 0.153 1.2162 19.26 69.58 21.21 63.21
4 0.277 0.853 41.16 48.74 42.27 40.57
5 0.153 1.21 19.47 68.48 21.21 62.82
6 0.2977 0.8244 44.66 44.50 45.78 38.79
7 0.0095 0.0084 -1.01 -7.28 -3.16 -12.07

142-3 1 0.0045 0.0083 -1.84 -6.71 -3.94 -12.01 49,776 43,744
Check-1 2 0.299 0.814 41.42 44.95 46.07 38.20

3 0.153 1.2032 14.80 70.32 21.28 63.19
4 0.2776 0.8634 37.51 48.83 42.50 41.81
5 0.151 1.1893 14.56 69.68 20.94 62.32
6 0.299 0.814 41.42 44.95 46.07 38.20
7 0.0045 0.0083 -1.84 -6.71 -3.94 -12.01

03-613 1 0.0000 0.0000 -2.00 -3.73 -3.26 -12.21 8,640 43,744
Check-2 2 0.3030 0.8340 46.48 49.71 45.75 38.48

3 0.1490 1.2300 20.35 75.17 21.04 63.24
4 0.3010 0.8190 46.05 49.19 45.75 38.48
5 0.0827 0.2240 11.44 10.81 8.68 1.05
6 0.2970 0.8040 45.62 48.11 45.07 37.53
7 0.0000 0.0000 -2.00 -3.73 -3.26 -12.21

03-612 1 0.0000 0.0000 -1.18 -2.80 -3.26 -12.21 5,860 43,744
Check-2 2 0.3030 0.8320 46.91 50.74 45.75 38.48

3 0.1490 1.2300 20.74 76.47 21.04 63.24
4 0.3000 0.8240 46.43 50.71 45.75 38.48
5 0.0828 0.2354 12.19 12.69 8.87 1.46
6 0.2970 0.7980 46.07 48.82 45.24 36.85
7 0.0000 0.0000 -1.18 -2.80 -3.26 -12.21

04-A94 1 0.0491 0.0535 9.33 3.36 8.34 3.37 15,712 74,217
Prop 2 0.4596 0.6240 77.68 39.37 78.04 39.25

3 0.0497 0.0569 9.47 3.55 8.44 3.58
4 0.3599 0.4876 61.28 30.90 61.11 30.67

04-B00 1 0.0484 0.0521
Prop 2 0.4579 0.6255

3.09 4.63 8.22 3.28 56,324 74,217
72.18 40.92 77.75 39.34

3 0.0521 0.0585 3.47 5.02 8.85 3.68
0.3611 0.4914 55.58 32.42 61.31 30.91

0.0481 0.0546 9.49 3.19 8.17 3.43 53,132 74,217
Prop 2 0.4620 0.6290 79.00 39.19 78.45 39.56

-43.14 15.86 -43.46

30 13.28 44.06 15.84 43.59 2,816 72,926
Tor-Pro 2 0.0928 -0.7130 13.12 -45.82 15.76 -44.85

3 0.3954 0.5040 62.38 32.21 67.14 31.70
4 0.0898 0.0106 11.96 0.43 15.25 0.67

4

04-A97 1

3 0.0495 0.0538 8.11 2.99 8.40 3.38
4 0.3614 0.4937 61.23 30.54 61.37 31.05

04-195 1 0.0934 0.6870 14.26 45.51 15.86 43.21 3,408 72,926
Tor-Ax 1 2 0.0934 -0.691 14.26

3 0.4755 0.0000 76.69 0.00 80.74 0.00
4 0.0934 0.0000 14.27 0.00 15.86 0.00

04-A99 1 0.0922 0.6843 14.33 44.11 15.66 43.04 3,968 72,926
Tor-Ax 1 2 0.0922 -0.6910 14.33 -44.57 15.66 -43.47

3 0.4742 0.0000 76.65 0.00 80.52 0.00
4 0.0922 0.0000 14.33 0.00 15.66 0.00

04-A96 1 0.09306 0.6824 14.35 44.50 15.80 42.92 6,470 72,926
Tor-Ax 2 2 0.09306 -0.6904 14.35 -44.18 15.80 -43.43

3 0.3884 0.0000 63.02 0.00 65.95 0.00
4 0.0931 0.0000 14.35 0.00 15.80 0.00

04-A93 1 0.0910 0.6940 10.06 43.35 15.45 43.65 3,072 72,926
Tor-Pro 2 0.0930 -0.7110 10.55 -46.08 15.79 -44.72

3 0.3952 0.5042 59.56 31.19 67.10 31.71
4 0.0892 0.0106 9.69 -0.23 15.15 0.67

04-A95 1 0.0933 0.69
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